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Abstract. A G graph of order p and size q is called an (a,d)-edge antimagic total if there
exist a bijection f: V(G)UE(G) -{1,2,..ptq} such that the edge-weights,
w(uv)=f(u)+f(v)+f(uv), uv € E(G), form an arithmetic sequence with first term a and
common difference d. Such a graph G is called super if the smallest possible labels
appear on the vertices. In this paper we study super (a,d)-edge-antimagic total
properties of connected £, by using deductive axiomatic and the pattern recognition
method. The result shows that a connected Lampion graphs admit a super (a,d)-edge
antimagic total labeling for d = 0,1,2 for n > 1. It can be concluded that the result of
this research has covered all the feasible d.

Key Words: (a,d)-edge antimagic vertex labeling, super (a,d)-edge antimagic total
labeling, Lampion Graph.

INTRODUCTION

Mathematics as a basic of science hold an important role in technology
development. One of an interesting topic in mathematics is graph theory as one of the
prime objectsstudy in discrete mathematics. There are many topic in graph theory. In
this paper, we will learn about super (a,d)-edge antimagic total labeling of lampion
graph (Enm).

Lampion graph is the family of triangular book graph denoted by £nm with m >
1 and n > 1. This graph is developed from combining single triangular book graph and
adding an edge in one of the top vertices in triangular book graph so that it become a
connected graph. The shape is also being modified become a circle shape therefore the
shape seems like a connected lampion.

A labeling of a graph is any mapping that sends some set of graph elements to a
set of positive integers. If the domain is the vertex-set or the edge-set, the labeling are
called, respectively, vertex labelings or edge labelings. Moreover, if the domain is V
(G) U E(G) then the labelings are called total labelings. We define the edge-weight of
an edge uv € E(G) under a total labeling to be the sum of the vertex labels
corresponding to vertices u, v and edge label corresponding to edge uv. If such a

labeling exists then G is said to be an (a; d)-edge-antimagic total graph. Such a graph G
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is called super if the smallest possible labels appear on the vertices. Thus, a super (a; d)-
edge-antimagic total graph is a graph that admits a super (a; d)-edge-antimagic total
labeling.

In this paper will be discussed about super (a; d)-edge-antimagic total labeling
because it has not been found before. Such that in this paper we investigate the
existence of super (a; d)-edge-antimagic total labelings of lampion graph and it will be

concentrated on the connected Lampion graph £n m.

RESEARCH METHODS

Research methods a super (a; d)-edge-antimagic total labeling of Lampion graph
are deductive axiomatic and the pattern recognition. The research techniques are as
follows: (1) calculate the number of vertex p and size g of graph £nm ;(2) determine the
upper bound for values of d; (3) determine the label of EAVL (edge-antimagic vertex
labeling) of £,m ; (4) if the label of EAVL is expandable, then we continue to determine
the bijective function of EAVL; (5) label the graph £,m with SEATL (super-edge
antimagic total labeling) with feasible values of d by using Lemma 1 and (6) determine
the bijective function of super-edge antimagic total labeling of graph £im.

Lemmas

We start this section by a necessary condition for a graph to be super (a; d)-edge

antimagic total, providing a least upper bound for feasible values of d. This lemma can

be found in [18].

Lemma 1 If a (p,q)-graph is super (a,d)-edge-antimagic total then d <*2*9=2,

Proof. Assume that a (p,q)-graph has a super (a,d)-edge-antimagic total labeling f: V(G)
U E(G) »{1,2,..., p+qg }. The minimum possible edge-weight in the labeling f is at least
1+ 2 + p+1 = p+4. Thus, a > p+4. On the other hand, the maximum possible edge-
weight is at most (p-1) + p + (p+q) = 3p +q - 1. So we obtaina + (g-1)d< 3p+q-1
which gives the desired upper bound for the difference d

Another important lemma obtainded by Figueroa-Centeno et al [6], gives an
easy way to find a total labeling for super edge-magicness of graph.
Lemma 2 A (p,q)-graph G is super edge-magic if and only if there exists a bijective
function f :V(G)—{ 1,2,..., p } such that the set S={ f(u)+f(v): uv € E(G)} consists of g
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consecutive integers. In such a case, f extends to a super edge-magic labeling of G with
magic constanta =p + q + s, where s = min(S) and S= { a- (p+1), a- (p+2), ....,.a-(p+q)}
In our terminology, the previous lemma states that a (p,q)-graph G is super (a,0)-edge-
antimagic total if and only if there exists an (a — p - g, 1)-edge-antimagic vertex

labeling.

RESULT AND DISCUSSIONS

If Lampion graph, has a super (a,d)-edge-antimagic total labeling then, for p =
4n+ 1and g =8n-1, it follows from Lemma 1 that the upper bound of disd<2 ord €
{0,1,2}. The following lemma describes an (a,1)-edge-antimagic vertex labeling for
Lampion.
Definition of Lampion Graph

Lampion graph denoted by £, is a connected graph with vertex set V (£, ) =
{Zi, 215, %21 <i<n+1,1<j<m}and E(£y ) = {ZiTi14,;1<i<n+1,1<

-

j<m} U {zizis;;1<i<n4+11<j<m} U {z;;;Tis;1<i<n+1,1<j5<
m} U {Zigzissl1 <i<n+1,1<j<m} U {z;1Ti21;1 <1 <n+1}. Thus
WVifpm)=p=2nm+n+1and E(£,,) =q=4nm+2n— 1. We can see the
example of Lampion graph in the figure 1

THE RESULTS OF RESEARCH

If Lampion graph, has a super (a, d)-edge-antimagic total labeling then, for p = 2nm+
n+1and g = dnm + 2n — 1, it follows from Lemma 1 that the upper bound of d is
d<2orde{0,1,2}. The following lemma describes an (a, 1)-edge-antimagic vertex

labeling for Lampion graph.
Lemma 3 If m > 1 and n > 1 then the Lampion graph £,m has an (3, 1)-edge-antimagic
vertex labeling.

Proof. define the vertex labeling oc; : V (En,m) -{1,2,3,...,3n+ 2) in the following

way:

2mi+t—2m.for 1 <i<n

aylr;)
!

‘ i+
[ e . 9 . i+l ’] + | ]|
ayleyr4) = 2me+1—3(-1) 'm—'.——T—I

forany iand l = 1.2
The vertex labeling oc; is a bijective function. The edge-weights of £, ,,, for any i, j, and

| =1; 2, under the labeling ; , constitute the following sets:
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Figure 1: Lampion Graph £nm

Way (TigaTing) = 4mi—2m+2i+1
» . X g 1+ (-1 i+l
Way (ZEiilJi,l,j) = 4mi—3m+ 21 _](_1)z+l 4 (%)
. 3 : ; 14+ (-1 i+l
Weyy (‘Ii,l,jI,ﬁ+1) = 4dmi—m+ 22— _7(—1)"” +1+4 (%)

Wa, (Tig jTiv1,1;) = 4mi+i+2
From the formula of edge-weights above, we can see that the set w.,={3, 4,5, ...,
4nm + 2n + 1}consists of consecutive integers. Thus o is a (3, 1)-edge antimagic
vertex labeling. Figure 2 is an example of (3,1)-edge antimagic vertex labeling and

edge-weights EAV L of lampion graph £, ,,, .
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Figure 2: super(3.1)-edge total labeling of £33

Theorem 1 If m >1 and n > 1 then the graph £, i, has a super (6mn + 3n + 3,0)-edge-
antimagic total labeling

Proof.

we use the formula of vertex labeling to define the label of vertex in lampion graph
£,m, then definene the edges labeling as o, : E (£,m ) = {2nm + n + 2,2nm + n +
3, 2nm + n + 4,..,4nm+ 2n—1) , such that the formula of super (a,0) edge-

antimagic total labeling for any i, j, and | = 1,2 can be defined as follow:
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ao(Tit1zing) = 6mn—4mi+2m+3n—2i+ 2
- . . . \i+7 l—‘(fl)iv{
as(zizil;) = 6mn—4mi+3n+3m—2i+j(—1)" +2+( =
\i+j 1 — (1) *
(i iTiv1) = 6bmn—4mi+3n+m—2i+ j(—1) +1+ (f,}
(T i) = 6mn—4mi+3n—2i+1

We can find the total labeling W, with summing w,, = w,, with edge label a,. It is
not difficult to see that the set W,,= {émn + 3n +3, 6mn + 3n +3,..., 6mn + 3n +3 }
contains an arithmetic sequence with the first term 6mn + 3n +3 and common difference
0. Thus W, is a super (6mn + 3n +3,0)-edge-antimagic total labeling. This concludes
the proof.

Theorem 2 If m > 1 and n > I then the graph £, , has a super (2nm + n + 5,2)-edge-
antimagic total labeling

Proof. Let we use the formula of vertex labeling to define the label of vertex in
lampion graph £, ,, , then definene the edges labeling as oz : E (£ ) & {2nm + n +
2,2nm + n + 3, 2nm + n + 4,..,4nm + 2n —1) , such that the formula of super
(a,2) edge-antimagic total labeling for any i, j, and | = 1,2 can be defined as follow:

aglriyrioy) = 2nm+4dmi+n+2i —2m

o3(ririy;) = 2mn+4dmi+n—3m + 21 — 3(—1)"" (

l
agleyjrip1) = 2mn+dmi+n —m+ 2 — ji 1) 4+ (——mm—)

ag(riririvi ) 2nm+dmi+n+ 2+ 1

The total labeling o5 is a bijective function from V (£, ,) U E(£, 1, ) - The edge-
weights of £, ,,, for any i, j, and | = 1,2 can be defined as follow:
= 2nm+8mi+n+4—4m+1

2nm + 8mi +n — 6m + 47 — 2j(~1)i+l + (—1)i+{
onm + 8mi +n — 2m + 4i — 25 (—1)H + 2 4 (—1)H

Wag (T3,1,1T1 2,1

|

)
Wes (TiT30,5)
U-‘nJ( 30,5 L Lit1)

)

Way (TigjTiv1;) = 2nm+8mi+n—+4i+3

It is not difficult to see that the set W,,={2nm +n+5,2nm+n+7,2nm+n+9, ..,
10mn + 5n + 1 } contains an arithmetic sequence with the first term 2nm + n + 5and
common difference 2. Thus W,, is a super (2nm + n + 5,2)-edge antimagic total

labeling. This concludes the proof. O



Robiatul dkk: Super (a,d)-Edge Antimagic Total Labeling Of Connected ... 45

Theorem 3 If m >1 and n > 1 then the graph £, , has a super (4nm + 2n + 4,1)-edge-
antimagic total labeling.

Proof. Let we use the formula of vertex labeling to define the label of vertex in
lampion graph £, ,, , then definene the edges labeling as o<, : E (£ ) & {2nm + n +
2,2nm + n + 3, 2nm + n + 4,..,4nm+ 2n —1) , such that the formula of super

(a,1) edge-antimagic total labeling for any i, j, and | = 1,2 can be defined as follow:

ag(riggriay) = dam - 2mi4+2n4m i+ 2
: 16mn 4+ 4mn(l (—1)"*2+y — Smi + 8n + 2n(] (—1)H3+
g FiLily) — 1
12m + 25(—1)*" + (=YY (1 - (<) 4 + 8 — 2(—1)*H
!
2(—1)H+iH
H
16mn 4 dmn(l 4 (= 1)) — 8mi 4+ 8 4 2n(1 + (1)
N\ Ti1irie1) = +
J I
2m + 25(—1)"* + (-1)*H (1 — (1)) — 4i + 6 — 2(—1)"
f

oqleyiq2e0104) = bnm—2mi+3n—i+1

If W, is defined as edge-weight total labeling based on o, labeling formula, so The

edge-weights W, of £, , forany i, j, and | = 1,2 can be defined as follow:

Waylrit1xrioq) = 4nm 2nui+2n+1+3
$34+1 / i+5+
l (—=1)"7 . . , | (—1)"7
Wo,lrir 1) = bmn 4+ 2min(— - - ) 4 2mi 4 2n 4+ n{ —— - )
A, 5 D
3m D L (D) — (=) L (L4 (=1
et + 1 5 + I +24+—p—
444+ ‘ i+
1+ (1) : l+(—1)"™
WalrityTiv1) = 4mn+ Qruu‘.%y + 2mi + 2n + n| ———
]
n =1 +1 1) (1—(—1)) .
— +i - + +3
2 2 i
We(xipjric11y) = bnm+2mi+3n+:+3

It is not difficult to see that the set W,,= {4mn + 2n+4, 4mn + 2n+5, 4mn + 2n+6, ...,
8mn +4n +2 } contains an arithmetic sequence with the first term 4mn + 2n+4 and
common difference 1. It can be concluded that lampion graph has super (4mn + 2n+4,

1) — edge antimagic total labeling. O

CONCLUSION
Finally, we can conclude that the graph £, ,, admit a super (a,d)-edge antimagic total

labeling for all feasibled and m, n>1
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